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QUASI-CONFORMAL HARMONIC
DIFFEOMORPHISM AND THE UNIVERSAL
TEICHMULLER SPACE

LUEN-FAI TAM & TOM Y. H. WAN

0. Introduction

The classical theory of Teichmiiller spaces uses extensively the theory
of quasi-conformal mappings. However, since the development of the
basic results of Eells and Sampson [11], Hartman [15] (see also [3]),
Schoen and Yau [27] and Sampson [25], one can now use harmonic
maps to study Teichmiiller spaces. See for example [10], [30] and [34].
Some important results in this direction were obtained by Wolf [34].
A starting point in the theory of [34] is the following. Using the fact
that the Hopf differential of a harmonic map between two Riemann
surfaces is holomorphic, it was proved [34] that the Teichmiiller space
T, of a compact surface of genus g > 1 is homeomorphic to the space of
holomorphic quadratic differentials of a fixed compact Riemann surface
of the same genus. Then using the space of holomorphic quadratic
differentials as the coordinate chart for the Teichmiiller space T}, one
can study many important properties of T,, see for example [34, 18].
Note that in the proof of the result of [34] mentioned above, the fact
that the Teichmiiller space T, is of (6g — 6)-dimensions was used. Later
in [18], Jost gave another proof without using this fact.

The result in [34] can be put into a more general setting. In study-
ing the relations between harmonic diffeomorphisms on the hyperbolic
space H? of dimension 2 and constant mean curvature cuts in the
Minkowski 3-space, the second author [31, 32] was able to construct
a map B (see §1 for definition) from the space BQD(D) of holomor-
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QUASI-CONFORMAL HARMONIC DIFFEOMORPHISM 369

phic quadratic differentials on the unit disc in R?, which are bounded
with respect to the Poincaré metric, to the universal Teichmiiller space
T. In order to construct such a map, the second author proved that
a harmonic diffeomorphism on H? is quasi-conformal if and only if its
Hopf differential is uniformly bounded. In [32], it was also showed that
the map B is continuous with respect to the norm on BQD(D) and the
Teichmiiller metric on 7. However, in order to have applications, we
have to know more about this map B. One of the basic question, of
course, is whether B is bijective. In fact, it was conjectured by Schoen
[26] that the answer should be affirmative. Another basic question is
whether B is a diffeomorphism. The injectivity part of Schoen’s conjec-
ture was proved by Li and the first author in [22] but the surjectivity
part of the conjecture is still open.

In this paper, we will first prove the following results:

The map 3o B: BQD(D) — T(1) is real analytic, where 7'(1) is the
image of the Bers imbedding £.

The image of Jo B is open in T(1) and 8o B maps BQD(D) analyt-
ically and diffeomorphically onto its image.

The well-known Bers imbedding 3 imbeds the universal Teichmiiller
space T as a bounded subset of the space of holomorphic quadratic
differentials on D* which are bounded with respect to the Poincaré
metric, where D* is the exterior of D in the Riemann sphere. Therefore,
if B is surjective, then it will be a diffeomorphism onto the universal
Teichmiiller space. Later, we will say more on the image of 5.

Using our results and the results in [27] and [23], one can show that
the map B descends to a map from the space of holomorphic quadratic
differentials on a compact Riemann surface of genus g > 1 onto T.
This gives another proof of the Teichmiiller theorem which states that
T, is of finite dimension and is diffeomorphic to R%~®. It is not hard to
see that the descended map is in fact the inverse of the map introduced
in [34]. Hence our result also gives another proof of Wolf’s theorem
without assuming the fact that T is of (6g — 6)-dimension.

In order to prove that 8 o B is real analytic, first we have to study
more carefully about the Bochner formula satisfied by the J-energy
density of a harmonic map on H2. Then we apply the implicit function
theorem to conclude the result. The method of proof is similar to that
of [34]. However, since the Poincaré disk is noncompact, and since
BQD(D) is of infinite dimension, the argument is much more involved.
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In order to prove that 8o B is a diffeomorphism, we will compute
the differential of 3o B. The differential is rather simple at the origin
and looks almost like an identity map there. However, it is relatively
more complicated elsewhere. It is rather difficult to see that the differ-
ential is surjective and has a bounded inverse. So, at a general point in
BQD(D), we will estimate the norm of the tension field of the composi-
tion of two quasi-conformal harmonic diffeomorphisms in terms of their
Hopf differentials, and the norm of the difference of the Hopf differen-
tials of two quasi-conformal harmonic diffeomorphisms in terms of their
Teichmiiller distance. Using these estimates, one can then prove that
the image of B is open and the differential of 3 o B has a bounded in-
verse. The estimates themselves are also interesting in their own right.
They may possibly be generalized to higher dimensions.

Using those estimates on the composition of two quasi-conformal
harmonic diffeomorphisms, we will study more details on the structure
of universal Teichmiiller space via the map B. Until now, the major
works which have been done so far on the surjectivity of B are due to Li
and the first author [21, 22, 23]. They proved, among other things, that
if the normalized quasi-symmetric function on the ideal boundary is C*
with non-vanishing energy density, then it has a unique quasi-conformal
harmonic diffeomorphic extension to the Poincaré disc. Hence, those
points in the universal Teichmiiller space represented by this kind of
normalized quasi-symmetric functions are in the image of B. Akuta-
gawa proved 2] independently the same result with stronger regularity
(C*) assumption of the boundary data. The examples of harmonic dif-
feomorphisms on HP constructed in [9] turn out to be quasi-conformal.
The boundary data of some of these examples are only Holder at two
isolated points. Using these examples and the method in [23], Wang
[33] is able to obtain more quasi-conformal harmonic diffeomorphisms
whose boundary data might not be smooth at finitely many points. We
have some results in this direction. Let N be the subset of the universal
Teichmiiller space consisting of those equivalent classes such that the
corresponding boundary data is a C' diffeomorphism on JD. We will
prove that:

There is a constant §, > 0 such that if [u] € N, then [v] lies in
the image of B for all [v] such that A([¢],[u]) < &, where X is the
Teichmiiller metric. In particular, N is also in the image of B.

The result is not a direct consequence of the inverse function theo-
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rem. In fact, using the estimates mentioned above, one can show that
if a quasi-symmetric function f can be decomposed as f, o f, such that
f1 has a quasi-conformal harmonic (diffeomorphic) extension to the
Poincaré disc and f, is C' with non-vanishing energy density, then f
has a quasi-conformal harmonic (diffeomorphic) extension to Poincaré
disc. This phenomenon may also be true for harmonic maps between
hyperbolic spaces in higher dimensions. We will discuss this elsewhere.

In [21, 22, 23], the boundary behaviors of proper harmonic maps
between hyperbolic spaces in any dimension have been studied. In
this paper, we will use these results and the results on quasi-conformal
mappings to study the relationship between the boundary regularity of
a quasi-conformal harmonic diffeomorphism of the Poincaré disc onto
itself and the decay rate of its Hopf differential in an explicit way. In
fact, the second author first learned from R. Schoen that M. Wolf had
told him that there should be some relation between the boundary
regularity of harmonic self-map of the Poincaré disc and the decays
of its Hopf differential. We will show that the norm of a holomorphic
bounded quadratic differential decays faster at infinity if and only if
it is more regular near the boundary when considered as a map from
D onto . For example, we will also show that for a fixed & > 0, the
inverse image under B of the set in the universal Teichmiiller space
which corresponds to the set of C** diffeomorphisms on dD is a linear
subspace in BQD(D). Using those results, it is easy to see that the
set of C! diffeomorphisms on JD is nowhere dense in the universal
Teichmiiller space with respect to the Teichmiiller metric.

The organization of this paper is as follows. We will set the notations,
and state the preliminary results in §1. In §2, we will prove that 5o B
is real analytic. We will also compute the derivative of 5o B and show
that 8o B is a diffeomorphism near the origin. The basic estimates on
composition of two maps will be developed in §3 and will be used to
prove the main results in §4. As an application, we will give another
proof of the Teichmiiller theorem. In §5, we will study the relationship
between the boundary regularity and the decays of Hopf differential.
More applications will also be given.

The authors would like to thank Thomas K. K. Au, S.Y. Cheng, K.
S. Chou, P. Li, and R. Schoen for valuable discussions, and J.-P. Wang
for his interest in the work. The research is done while the first author
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1. Preliminary Results

Let B; be the open unit ball of the Banach space L>°(D) of essentially
bounded measurable (complex-valued) functions on the unit disc in C
with sup-norm strictly less than one. In this paper, we will denote the
universal Teichmiiller space B;/~ by T, where the equivalent relation
is defined as follows: Let u, » € B; and f,, f, be the quasi-conformal
homeomorphisms on C with complex dilatations equal p and v respec-
tively in D, conformal outside ID, and fixing the points 1, 4, and —1.
Then p ~ v if and only if

fulap = fulap,

or equivalently
fu |D' = fu |D' 3
where D* = {z € C||2| > 1}.

Let BQD(D) be the vector space of holomorphic quadratic differen-
tials on the unit disc which are bounded with respect to the Poincaré
metric. The space BQD(D) is a Banach space, known as Bers space,
under the norm

I@lian = sup 2,

for @ = ¢(2)d2? € BQD(D), where ||®](z) = p ?(2)|¢(z)| and
p*(2)|dz|* is the Poincaré metric on D. Sometimes we write ||d|lop
and |[¢]| instead, if there will not cause any confusion.

In [32] the second author constructed a map B from BQD(D) to T
as follows: Let @ = ¢(2)dz? € BQD(D). One solves uniquely a smooth
function w satisfying

Apw = e — [|g|e™ — 1,
(1.1) : e’”ds2 complete on D,

[¢lle=?* <1,

where dsf, is the Poincaré metric on D and A, is the corresponding
Laplacian. Let us denote this correspondence by mw(®). Then the
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mapping B : BQD(D) — T is given by

(1.2) B(®) = [p"e "]

which is the equivalent class in T represented by
= p—zae—zm(cp)

for ® = ¢(z)dz* € BQD(D). The existence of w(®) and the fact that
l#llo < 1 is proved in [32] using constant mean curvature spacelike
surfaces in Minkowski 3-space; reproved and generalized in [29] re-
cently using only techniques in partial differential equations and quasi-
conformal maps. TLet 0 < a < 1 be fixed and let Y be the Banach

space of all functions u in Cig(D) such that [ul} 5, < co. Here for a

bounded domain Q C C, and u € CZ¥(), we define

loc

|u|;,a,9 = supg, |u| + SUDgcq dz|Voul(z) + SUPzeq d§|vgu|($)

+ o pra Voule) ~ Vanly)
s |z — yle

H

where d, is the Euclidean distance from z to 0, d,, = min{d,,d,},
and Vj is the Euclidean gradient of Q. We define [ul} , o and |ulg , o
similarly. We will also need the following norm
u(z) —u

(13 lulfho = supdilulo)] + sup aze =ML
In Lemma 2.1, we will prove that to(®) isin fact in Y for ® € BQD(D).

There is yet another important description of the universal Teichmiil-
ler space T. Let BQD(D*) be the space of bounded holomorphic
quadratic differentials on D* with respect to the Poincaré metric. Con-
sider the map S : B, — BQD(D*) defined as follows: for y € By,
let f, be the quasi-conformal homeomorphism as before, then S(y) is
the Schwarzian derivative of f, restricted to D* which is an element
in BQD(D*), see [19]. It is easy to see that S descends down to a
map f from T into BQD(D*). The mapping 8 is known as the Bers
imbedding. It is well-known that the image of § is an open set and T
is homeomorphic to its image with respect to the Teichmiiller metric
on T. Hence we may consider the image 7'(1) of § to be the universal
Teichmiiller space. For more details of Bers imbedding, see [5, 19].
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In this paper, we are interested in the map o B : BQD(D) —
T(1) ¢ BQD(D*). Note that 8o B = S o P o (tv,id), where tv, S
are defined above, (1,:d) : BQD([D) — Y x BQD(D) is defined as
(r0,1d)(®) = (r0(®),®), and P : BQD(D) x Y — L>*(D) is defined by
P(w, ®) = p~2¢e2", if d = ¢d2>.

We also need another formulation of the universal Teichmiiller space
to study effectively about the map B, namely, the space of quasi-
symmetric functions. For any y € B; C L*, by the Riemann mapping
theorem, there is a biholomorphic map g which maps f,(D) onto D fix-
ing 1, ¢ and —1, where f, is the quasi-conformal map described at the
beginning of this section. Let F,, = go f,. Then F), is a quasi-conformal
map on D with complex dilatation . It is well-known that F, extends
to a self-map of D and by [6] the boundary map

h, =F,|sp: 0D — oD

is a quasi-symmetric self-map of dD fixing 1, 1, —1. By [6] under this
correspondence, T' and the space T of normalized, (that is, fixing 1, ¢,
-1), quasi-symmetric self-maps of D are homeomorphic with respect
to the Teichmiiller metrics [19]. Note that T is a group, but not a
topological group, under composition. In particular, for x and v in B,
[¢] o [V] is equal to the equivalent class of the complex dilatation of
F,oF,. We have

Proposition 1.1. Let h € T be a normalized quasi-symmetric self-
map of D, and [u] be the element in T corresponding to h under the
correspondence described above. Then [u] is in the image of B if and
only if h has a normalized quasi-conformal harmonic (diffeomorphic)
eztension from D to D with respect to the Poincaré metric.

Proof. If h has a normalized quasi-conformal harmonic extension
u : D — D, then it is proved in [32] that the Hopf differential ® of u
lies in BQD(D) and that B(®) = [u]. Conversely, if 1] € B(BQD(D)),
then there exist ® = ¢(z)dz* € BQD(D) such that

h= Fp—2$e—2‘°(°) |6D

It is proved in [32], see also [29], that there exists a normalized quasi-
conformal harmonic diffeomorphism v from D onto D such that its
complex dilatation is given by

p(®) = p~2ge™2" ).
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Then by the uniqueness of normalized quasi-conformal self-maps of D
with given complex dilatation, we see that

U= Fp—2$e—2m(<§) .

Hence, u|sp = h, which completes the proof of the proposition.

By the proposition, we see that B is surjective if and only if there
exists a quasi-conformal harmonic (diffeomorphic) extension for any
prescribed (normalized) quasi-symmetric self-maps of D at the ideal
boundary of the Poincaré disc. We also remark such an extension is
unique for any given quasi-symmetric boundary data on D by [23]. In
fact, if there are two distinct normalized quasi-conformal harmonic (dif-
feomorphic) extensions for a given normalized quasi-symmetric bound-
ary value, then the Hopf differentials of these two maps are distinct but
have same image under B.

2. Analyticity of fo B

In this section, we are going to show that 3 o B defined in §1 is real
analytic and it maps a neighborhood of 0 in BQD(D) analytically and
diffeomorphically onto a neighborhood of 0 in BQD(D*). First of all,
we need the following generalization of the result in [32]. Recall that ¥’
is the Banach space of all complex-valued functions u € CZS(D) such
that |ul; ,p is finite, where 0 < @ <1 is a fixed constant.

Lemma 2.1. Let ® = ¢dz®> € BQD(D) and w be the unique real

solution of

A= e~ [lg|Pe™™ ~ 1,
(2.1) e*dsZ  complete on D,

Iplle™™ < 1.

Thenw €Y.

Proof. The fact that w € C°°(D) and that supy, jw| < oo are proved
in [32]. Note that Ay = (4/(1 — |2|?)?) A,, where A, is the Euclidean
Laplacian. Since supp, ||¢|| < oo, we have

AOw(Z) = O (d_z) H

z
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where d, is the Euclidean distance from z to dD. So, by (4.45) in p.70
of [12] and the fact that w is bounded,

supd,|Vow|(2) < oo.
D

Then, the interpolation inequalities in [12] implies that

(2.2) |w|§ op < 0O

Also, it is not hard to prove that A(z) = (1 — |2|2) " satisfies
(2.3) |hl§ap < oo,

where the norm is defined as in (1.3). Hence by (6.11) in [12], the
functions fi(2) = 4(1 — |z|?)~2e*?*(*) satisfy

(2.4) |falbap < oo.

Let g(2) = (1—)2|*)?¢(2). Using the fact that supp |(1—|2]?)2¢(2)| <
oo and that ¢ is holomorphic, together with the gradient estimates for
harmonic functions [12], it is easy to see that sup,, d.|Veg|(z) < oo.
As before, we have |g|j ,, < 00. Therefore, combining this with (2.2),
(2.4) and using (6.11) in [12] again, we have

IA()'LUIO ,aD < oo,

where the norm is defined as in (1.3). Finally, by Theorem 4.8 in [12],
we see that w € Y.

By the lemma, we see that to maps BQD(D) into Y. Therefore
S o P o (tv,id) in §1 is well-defined. We note that S is analytic on
B; C L*(D) [13] and it is easy to see that P is real analytic. Hence,
recalling that o B = So Po(tv,id), to show that §o B is real analytic,
it is sufficient to show that to is real analytic. That is, we need to show
that to : BQD(D) — Y has Fréchet’s derivatives to(® of all orders and
that for any ® € BQD(D) there is a § > 0 such that

=1
R@+8) =3 Se(@)W@) VI¥ier <5
It turns out much easier to see the real-analyticity of tv by extending
it to a complex analytic map between complex Banach spaces. Let

X ={(2,9)|2,¥ € BQDD)},
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be the complex Banach space with complex scalar multiplication de-
fined by

7(®, V) = (v®,7¥), 7€C

and with norm

(I2llep + 1¥llep) -

N =

1(®, V)llx =

Let
Z ={f € Ci.D)|f complex-valued, |f[} ,p < 00}.

Then Z is also a complex Banach space.
Define F: X xY — Z by

F(p,w) = A,w —e®” + (@,\I’)pe_zw +1,

forp=(®,¥) e X, weY, where A, and (-,-), are the Laplacian and
pointwise inner product with respect to the Poincaré metric respec-
tively. That is (®,¥), = p~*¢9, if ® = ¢dz? and ¥ = ¢pdz?. Recall
that p?|dz|? is the Poincaré metric on D.

Lemma 2.2. F: X XY — Z is well-defined. That is, F(p,w) € Z
foranyp=(®,¥)e X andw €Y.

Proof. Since |w]} ., < 00, Apw is bounded. To estimate |A,w(g , 1,
we take any z, y € D. Without lost of generality, we may assume that
d, =1-|z| <1- |yl =d,. Let d,, = min(d,,d,). Then

(1 = o) Agw(a) ~ (1 — [y*)*Aow(y)]
< (1= J2%)? = (1= 2| Aow()] + (1 = |21)? |Agw(z) — Agw(y)|
<4 (llzl = lyll- [2 = f2f? = 912} [Aow()] + &2, |Aew(z) — Aow(y)])

<1610 — yf* (a7l + a3 - g Lot = Lol

< 16|z — y|* (d;"‘ + d;,';) w3 o
Using the assumption that d, < d,, i.e. d;, = d,, we have

|(1 = |z*)*Aqw(z) — (1 = [y*)* Aow(y)]
|z — yle

gy <16(d7d,” + Dwl;op

< 32|w|;,a»D‘
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Therefore
|pr|3’a)D < 0.

By interpolation inequalities in [12], we see that [e*”|3 , 1, and [e™**[§ .1,
are also finite. As in the proof of Lemma 2.1 and using the fact that

lfgls,a,n < ‘f';,a,]D'gfs,a,D'

for f, ¢ € Z, one can prove that |(®,¥),; ,p < oo and hence
{®, ¥),e |3 . < 00. Therefore, F(p,w) € Z, i.e., F is well-defined.

Lemma 2.3. F: X xY — Z is complex analytic with derivative
given by

DF (po, wo)(p, w) = Ayw =2 (e + (Do, Tg)pe™>") w
+ (<®07 ‘Il>p + <®, ‘I’())p) 6_21"0,

for any (pg, wo), (p,w) € X X Y with po = (Po, ¥y) and p = (D, T).

Proof. By Theorem 2.3.3 in [4], it is sufficient to show that F is
Gateaux differentiable. Let py = (@, ¥g), p = (®,¥) € X and w, wy €
Y. Then for any 7 € C, by noticing that po+7p = ($o + 72, Vo +7Y),
we have

F(po + 7p, wo + 7w) — F(po, wo)

= Tpr _ e2wo (e2rw _ 1) + ((I)O, ‘Ifo>p6—2w° (e—zrw _ 1)
+7 ((@Oa ‘Ij>p + ((I), \I/0>p + T((I), \Il)p) e—z(wo—{-rw)

Since
[&s) n o0 n
+or _ (£2w) _ 2 n—2 (£2w)
€ “’—1—1;7'" py =F2wr+ 71 T;T T
[0 ap < (J0lian) -
and

* *
IwIO,a,D < C|w|2,a,D’
for some absolute constant C, we have
e:i:Z-rw -1

lim ——— = 2w,

T30 T
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in Z. Similarly,

lim e~ 2(wot7w) — g=2wo

T—0
in Z. From these, it is easy to see that F' is Gateaux differentiable with
the desired derivative. This completes the proof of the lemma.

Lemma 2.4. Let py = (Do, By) and wo = (D) be as in Lemma 2.1.

Then there exists a neighborhood N of py in X and a complez analytic
mapping w = w(p) from N to Y with wy = ro(py) such that

F(p,r(p)) = 0.

Moreover, w = 10(p) is the unique solution of F(p,w) = 0 near (pgy, wo).

Proof. By Lemma 2.1, wy € Y and F(pg, wp) = 0. Lemmas 2.2 and
2.3 show that F is a complex analytic map from X xY to Z. Moreover,
the derivative of F' with respect to the variable w € Y at (po,wo) is
given by

DF,,(po,wo)(v) = Apv — 2 (€2 + [|®])Pe™**) v, VwveY.

We claim that DF,,(po, wo) has a bounded inverse from Z to Y. Firstly,
let v € Y such that

Ao — 2 (e + ||Dg||>e™?*°) v = 0.

Since the coefficients are real-valued, v is bounded as a consequence
of v € Y, and w, is bounded by [32], we can apply the generalized
maximum principle of Cheng and Yau [8] to conclude that v = 0.
Therefore DF,,(po, w) is one-to-one.

Next we would like to show that DF,, (po,w,) is onto. Let f € Z and
consider the linear equation

(2.5) Ay — 2 (e*™ + || D[P ™) v = f.

Since f € Z, f is bounded. Note that ||®¢| and w, are also bounded.
Hence, one can use the method of sub- and super-solutions [32] to
find a bounded solution v of (2.5) and a constant C; depending only
on po such that |v|op < Ci|flop. As in the proof of Lemma 2.1, by
using the fact that f € Z and the definition of | - ((,2,)1 p as in (1.3), the

|- 52 1 norms of the functions (1 — |2[*)~2 (2“0 + ||&o||>e~2%) (2) and
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(1 — |2]?)72f(2) are bounded. Then, the interior Schauder estimate,
Theorem 6.2 in [12], implies that

[0 .00 < Ca ([vlop + 1[5 ap)
<G, (C1|f|0JD + lfl;,a,]l))
g C3|f|s,a,]1)’

for some constants Cy and C3 depending only on py, wo, and a. There-
fore, v € Y and DF,(py, w,) is onto. The above arguments also show
that the inverse of DF,,(po, w,) is bounded. Now the conclusion of the
lemma follows immediately from the analytic implicit function theo-
rem (3.3.2) in [4].

Theorem 2.5. The map Bo B : BQD(D) — T(1) is real analytic,
where T(1) is the image of the Bers imbedding (3.

Proof. We have observed that, in order to prove the theorem,
it is sufficient to prove that w is real analytic. Let ®, € BQD(D),
po = (Po, Pp) € X, and wy = t(po). Then, by Lemma 2.4, there is a
neighborhood N of py in X and a complex analytic map o : N = Y,
such that F(p,t(p)) = 0, for p € N, where F is the map defined in
Lemma 2.3. Moreover, w(p) is the only solution of F(p,w) = 0 near
(po,wp). Let ® € BQD(D) and w = to(P). We would like to show that
if ||® — @|lgp is small then |w — wo|3 , p, is also small. It is proved in
[32] that

sup |lw—wp| >0 as ||®— Pollgp — 0.

Letting n = w — wop, we have

€20 A = ¢ — |uofe=1 — 1 +|uo|?
+ (18]~ 1901} (lule=2 + lole2*),

where |u] = ||®|le=2* and |po] = ||®olle2¥°. Since wyp is bounded and
n— 0 as |® — Bllgp — 0, (4.45) in {12] implies that

sup d.|Von|(z) =0 as ||® — Pllgp — 0.
and hence [n|g ,p — 0. Putting it back to the equation, as in the proof

of Lemma 2.1, we conclude that jw —wo|5 ,p — 0 as |® — @llgp — 0.
Therefore, if @ is close to ®,, then w = w(®) is close to wp in Y. So
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(p,w) is close to (pg, wp) in X x Y. Since F(p,w) = 0 by the definition
of w, where p = (®,®), we have w(®) = ro(p) provided ® is close to
®, in BQD(D). Therefore, by the definition of X, tv is real analytic
near ®;. As @, is an arbitrary element in BQD(D), the proof of the
theorem is completed.

Theorem 2.6. The differential of the analytic map BoB : BQD(D)
— T(1) at 0 is given by

(26)  D(BoB)O)¥) = 1= 9 Nds? € BQDD"),

where U = 9(2)dz? € BQD(D). Therefore, B o B is an analytic diffeo-
morphism in a neighborhood of 0 € BQD (D). In particular, there exists
a unique quasi-conformal harmonic (diffeomorphic) eztension with re-
spect to the Poincaré metric of any quasi-symmetric boundary data at
the ideal boundary of H? provided its dilatation is small enough.

Proof. Let us denote u(®) = P(10(®),®) € B;. Then foB=Sopu
as we have seen in §1. We also note that B(®) = [u(®)]. Now for
® = ¢(z)d2? and U = ¢(2)d2? in BQD(D),

Du(®)(P) = p~2he 2@ — 2p"2de™2™®) Dy ().
Taking & = 0, we have w(0) =0 and
Dp(0)(¥) = p~*pdz".

By the variational formula of S in [1], see also [5], we have

D(B o B)(0)(¥)(2)d2® = <——g /D %)—;%(f—)ldq?) dz* VzeD'.

Therefore,

2% DEHOWED = [ 70| s mez7)

Then using the reproducing formula [5], see also [16], we conclude that

|d¢|?, V2 € D.

—227'D(Bo B)(0)(V)(z") =4(2) VzeD,

which is equivalent to (2.6).
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It is easy to see from (2.6) that D(S o B)(0) is an isomorphism.
Therefore, by the inverse function theorem, § o B is an analytic diffeo-
morphism in a neighborhood of 0 € BQD(D). By the definition of the
map, we see that if f is a normalized quasi-symmetric function on the
ideal boundary of H? with small dilatation, then f can be extended
to a quasi-conformal harmonic diffeomorphism. This map is not only
unique in a neighborhood of the class of the identity map in the uni-
versal Teichmiiller space, but it is also globally unique by the result of
Li-Tam [23]. This completes the proof of the theorem.

Remark 2.1. Similar to the proof of the theorem, one can use the
formula for the variation of the Bers embedding at an arbitrary point
[16] to find D (8 o B) (®) for arbitrary ® € BQD(D). In fact, for any
variation ¥ € BQD(D), we have

D (80 B) (@)(¥) = [—9 [ Pl |dc12] (i),

s
where to(®) as in §1, pu = u(®) = p~2pe 2, f, is the quasi-conformal
homeomorphism on C corresponding to x defined in §1 ,

Du(®)(T) = p~ e P — 2p72¢e™*™®) Drog (1),

and Do (®)(¥) is the unique bounded solution of
Ap’l) =9 (ezm(é) + ”(I)”ze—zm(@)) v — 2Re(<I>, Q)pe—zm(é).

We will see later that D (5 o B), is bijective for any ® € BQD(D) and
hence Bo B is an analytic diffeomorphism from BQD(D) onto it image.

3. Estimates on Composition of Two Maps

In this section, we will give some estimates on the composition of
two maps on HP which will be used later. Let w be a quasi-conformal
harmonic diffeomorphism from H? onto itself. Then its Hopf differential
® = ¢dz? is holomorphic and ||®||gp is finite by the work of [32]. We
begin with the following lemma:

Lemma 3.1. Let w be a quasi-conformal harmonic diffeomorphism
on HE. Let ® = ¢dz? be the Hopf differential of w. Then

|V (log J|ow]]) | < C1l|®[lop
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for some absolute constant C1, where V is the gradient in H? and ||0w|
is the 0-energy density of w.

Proof.  Let ¢ = log||0w| and a = ||®||qp- We use the upper
half space model for H? and write 2 = x + iy in the domain, u + v
in the target, with y > 0 and v > 0. Since w is a quasi-conformal
diffeomorphism, ||0w| > 0 everywhere and hence 1 is well-defined and
smooth in H?. By [32]

1+ +v1+ 4a?
5 .

Using the fact that w is quasi-conformal and that ® is the Hopf differ-
ential of w, we have

(3.1) 1<e? <

(3.2) supe~?¥||¢|| < 1.
D

The Bochner formula in [27], see also [25], implies that
P = — g™ - 1,

where A, is the Euclidean Laplacian. Hence, by (3.1) and (3.2), we
have

(3.3) y* 1At < a.

Let 2o = xo + iy, € H?. Applying the estimate in p.70 in [12] to
D, = DZO(iyO) and D, = DZD(%yO), where D, (r) is the Euclidean disc
of radius 7 with center z,, and using (3.3), we see that there is an
absolute constant C, such that

Yo|Voh|(20) < Cz(SBP 4] + a).

Combining this with (3.1) and using the fact that log(l + ¢) < ¢ for
t > 0, the lemma follows. Recall that, given a C? map w from the
hyperbolic plane into itself, and if we use the upper half space models,
then the norm of the tension field of w is given by

¥

_ W
Il = =

]
W,z + szwz

where z = z + iy and w = f + ig.
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Lemma 3.2. Let h and w be quasi-conformal harmonic diffeomor-
phisms on H2. Then the norm of the tension field ||7(h o w)| of the
composition map h o w satisfies

Ir(h o w)li(2) < Csl[¥llon (1 + [¥llen)* @]I(2)

for some absolute constant Cs, where ® = ¢dz? and U = dw? are the
Hopf differentials of w and h respectively.

Proof. We use again the upper half space model for H?. Let
z=z+1y, w=1u+1iv, and h = f +ig. The norm of the tension field
of how at a point 2 = x + iy is given by

(3.4) 7 (h o w)] = 4% Al

where )
A= (how),; + é(h ow),(how);.

Since
(how), = hyw, + haw,,

(h o 'LU) - hwwz + h'wu_)z_:a

and
(h © w)zz = hwwwiwz+hwﬂ)w2wz+hww22+hﬂ)ww2wz+hﬁ)ww2wz+hﬂ)wzia

we have

A= (how).,+ > (how), (how),

(3.5) = (how),, + é (how, + ho@,) (hows + hgi;)

= hwwwzwz + hwmwz':wz + hwwzz
+ hgwwz W, + hgeWs W, + haW,;

+ é (P2 w,ws + hyhyg (W, D5 + W,ws) + h2w,W;) .
As w and h are harmonic,

(36) Wyz + %wzwz =0,
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(3.7) o + ghwhw = 0.

By (3.5)—(3.7), we have
A=h, (w + ghwwzwz) + h (w + ghwwz@)
(3.8) + Ry WzW, + hgeW,

w
(b it (11 22))
v g

1 _
v g

Since ||0h|| > 0 everywhere, direct computations show that

1 h
(39) P + i (= + =2 ) = b (0g |9B1),,

Similarly, at the points where ||0h]| > 0, we have

1  hg =
(3.10) +i (U+g) (1og[1R]1*)

D

Using the fact that ¢ = g~2h,h,, is holomorphic, we have, at those
points where ||8h| > 0,

ho (log [BAIP + log 0kI*) = ha (log III%),,

Combining this with (3.10), we then have

hgo + thg (% + %) = hg (% + (_1%)‘@ — (log ”8}"”2)@)

N’

<

v

_2ihy 9 (9)

v he

(3.11) 2 — hy (log [0R11%) & »
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at those points where |9k > 0. Since h,, is never 0, ¢ and hence 9h
is either identically zero or having isolated zeros. Therefore, it is easy
to see that (3.11) is true at all points. Since 1) is holomorphic, gradient
estimate for harmonic functions implies that

C
IVopl(w) < = sup |¢|
U Du(3v)
C
(3.12) < S %llen,

at a point w = u + v, where V; is the Euclidean gradient and C,, Cs
are absolute constants. By the results in [32],

1+ /1+4]9]2
(3.13) 1< ||6h||? < 5 I#lion

Combining (3.4), (3.8), (3.9), (3.11), (3.12), (3.13), Lemma 3.1, and
the fact that ¢ = v=2w,w,, we have

[I7(h o w)]|

- 4% |w,wsh,, (log |ORI%),

(%hw 7 (%)

&

+ W, w;

'u+7{-

~ ha (log uahnm)
+

< 4

v —_ .
v+ Zha v (0g|OHIE),, + (2z -
< Cl¥lon (1 + 1 Tlon) 131,

for some absolute constant C. This completes the proof of the lemma.

Remark 3.1. In Lemma 3.1, we may relax the condition that w
is quasi-conformal. If we assume that w has bounded energy density,
then the gradient of log ||0w|| is still bounded by a constant depending
on the upper bound of the energy density provided ||dw| > C > 0 for
some constant C. Also the estimate is local in nature. Similarly, in
Lemma 3.2, ||¥||gp can be replaced by a constant depending only on
the lower and upper bounds of the energy density of h, as long as the
lower bound is large than 0. The esitmate is also local.
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Lemma 3.3. Let h and w be two quasi-conformal harmonic diffeo-
morphism on HP. Let ® and ¥ be the Hopf differentials of w and h
respectively. Then, in the upper space model for H? with z = = + iy,
w =u+1v, and h = f + ig, we have, at any point z € HP,

_ (how), (Fow) - L

Y
’(g ow)?
< [1211(z) (I9RI2 (w(z)) + 13RI (w(z)) 1)

+H Tl (w(=)) (19wl () + [Fw]?(2))
< 5[|¥lgp (1 + [|@]lep) -

- '—wzu_)z
z  v?

Proof. Using the fact that ||0w| > ||fw| and the result in [32] that

1+ /1 +4)%)3
1< [|oh]* < < 1+ ¥llep;

(3.14)

2
and
1+ /1 + 433
(3.15) 1< ||ow|? < <1+ ||?|lop,

2

at the point z

h
(3.16) +U—Bwhw — 1) + ¥ (Ruho(w2)? + hahg(B,)?)

IA

1911() (18RI (w(2)) + BRI (w(z)) - 1)
+H @ (w(2)) (10wl (2) + [Bwi(2)) -
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If ||¥][op < 1, then by (3.14)

IN4IF
22 < ||llon

Fh|* < <
ORI < lani

and
OAIP + |8A|* — 1 < 2||¥]|gp-

If ||¥||op > 1, then by (3.14)
18A]1* < |8R]1* < 2[|¥(|ep-

Hence
[8A1I> + [[OR])* — 1 < 3||¥||gp-

Combining these with (3.16) and (3.15), the lemma follows.

In the following lemma, we still use the upper space model for H? in
the domian and the target. We write 2 = z + ¢y in the domain, and a
map from H? into itself is given by w with Im(w) > 0.

Lemma 3.4. Let w = u+1v and @ = &+ 10 be two quasi-confomal
diffeomorphisms of H2. Suppose w is harmonic and 1 has uniformly
bounded energy density. Let a = supg ||7(D)|| < oo, where ||7(D)| is
the norm of the tension field of w. Suppose | — w| < bmin{s, v}
for some constant 0 < b < 1, where | — w| is the Euclidean distance
between w and w. Then

sup gvow - yVOw <a+ Csb,
zel2 |V v

for some constant Cys depending only on the upper bounds of the energy

density of w and W, where Vy is the Fuclidean gradient.

Proof. Let k = sup,ge |¥Vow — £Vow|. By [32], w has uniformly
bounded energy density. Therefore, together with the assumption on
W, we see that & is finite.

Let m = supp (e(w) + e(®)). Note that |@ — w| < bmin{v, v},
which implies that |2 — 1| < b, we have

(5-5) v
v D

(tn-n)- g3 -

< Y | Vo) -
v

(3.17) < Csb,
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for some constant Cg depending only on m. Since w is a harmonic map,

2

2 2
Y Aot — L Agw| < |r(@)]| + | Sidivs — Lw,ws
v v v v
Sa‘_*'glﬂ)zl g”z_ng +g|w2| ':’—{_wz__wz
v v v v
< Cr (a+ (e(@) + e(w))* k)

for some absolute constant C; and some constant Cs depending only
on m. Hence, using |w — w| < bmin{v, ¥} and the harmonicity of w
again, we have

+

2
< Csla+k)+ (g — 1) . y—zwzwz
0] v

< Cola+b+k),

2 2
Y A — LAgw
v

o’
== (Agw — Ao’w)l <=
D @

for some constant Cy depending only on m. Therefore, (3.17) and the
assumption that |& — w| < bmin{d, v} for some b < 1 imply that

|80 (¥* (0 — w))| = |y* Ao — w) + 2(Vo(y?), Vo(l — w))
+(w — w) Ao (y?)]
< Cy(a + b+ k)o + 4(k + Cgb)v + 2bv
< Crola + b+ k)v,

for some constant C)o depending only on m. Using (3.17) again and
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the fact that w is harmonic, we have

s (fi-0)

= |50 0@ — w) + 2AV0(3), Vo (475 — w))

+ (0 - ) 2a(3)

< Cula+b+k)+ ’Lly(ll;—w)(vov Voy)l
2—'1{;(V0'U, Vol — w))'
(3.18) +‘ ﬂ%ﬂ) Agv — (W) Vou|?

S Cll(a—f—b-i—k),

for some constant C;; depending only on m. Now for any 2y = zo +
iyo € H?, let Dy = D, (3y0) and D, = D, (3%0), where D, (r) is the
Euclidean disc of radius r with center z,. By [12 (p.70, (3.18))] and
the assumption that | — w| < bmin{?, v}, for a fixed 0 < @ < 1,

20-0)

v

* 2

< Cis (Sup %(ﬁ; - w)l + Cii{a+b+ k)(yo)2>

Do
< Cis(a+ b+ k)yp,

l,a,Dq

where (', depends only on « and C;3 depends only on & and m. There-
fore, the interpolation inequality Lemma 6.32 in [12] implies that, for
any € > 0,

*

< Cigsupp, ’y—(w w)l +e[y; w— w)]

< Cuab(yo)? + Chs - €(a + b+ k) (mo)?,

where d, is the Euclidean distance from z to 8D, and C}, is a constant
depending only on « and e. Evaluate at 2y, we have

l,0,D1

SUD,—, 4 iyeD, 9= VO( W — w)) (2) ’
(
(y

2
v, (%(ﬁ)—w))‘ <y (Cisb+ Cis - €(a + b+ E)),
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at every point z = z + iy € H2, where C;5 depends only on « and e
and Cj¢ depends only on m and a. Hence, by | — w| < bmin{d, v}
again, we have

I%VO(’ID - 'LU) S Cl7b + 016 . e(a +b+ k),

for some constant C;; depending only on m, @ and e. Combine this
with (3.17), we have

(319) ‘%Vo’lf) - %Vo’w S Clgb + 016 . 6((1 +b+ k),

for some constant C;s depending only on m, a, and e. Taking supre-
mum over H?, we have

k§013b+016'6(a+b+k).

Fixa,say a = %, then one can choose € small enough so that Cy¢-€ = %
Noticing that Ci¢ depends only on m and «, the lemma follows.

4. Local Diffeomorphic Property of o BB

In this section, we will prove that o B has an open image and is
an analytic diffeomorphism onto its image. Note that by the result of
[23], B is injective. It is well-known that § is also injective, therefore
B o B is injective. We will continue to use the upper half-plane model
for the Hyperbolic 2-space HP in order to simplify calculations.

Theorem 4.1. The image of B o B is open in T(1) and 3o B maps
BQD(D) analytically and diffeomorphically onto its image.

Proof.  First, let us prove that the image of 8 o B is open. Let
¥, be an element in the image of § o B and ®, € BQD(D) such that
(B0 B)(®y) = ¥y. Let wy be the quasi-conformal harmonic diffeomor-
phism of H? fixing 0, 1, and oo, such that its Hopf differential is ®,.
The existence and uniqueness of wy is proved in [32]. Let po be the
complex dilatation of wg, then [uo] = B(®o) and B([mo]) = ¥o. By
[19], there exists d, > 0 and a constant Cy > 0 depending only on ¥y,
such that if ||¥ — Wo|lop < o, then VU lies in the image of F; and if

B([1]) = ¥, then
(4.1) G I® — Wollgp < A([p] [0]) < Coll¥ — Pollgp,
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where [v] € T is the equivalent class represented by v € B; and A is
the Teichmiiller metric. Since B(0) = 0 and £(0) = 0, by Theorem 2.6
and (4.1) applying to the case that ®, = 0, there are constants § > 0
and C; > 0, such that if A\([],0) < 4, then there exists a unique
® € BQD(D) such that B(®) = [v] and

(4.2) Crli®llan < M[¥],0) < Ci||@llgp.

Now given ¥, in the image of o B and &, € BQD(D) such that
(B o B)(®o) = ¥y. We may choose J, in (4.1) small enough, such that
Cydp < 4. Hence, by (4.1), if ||¥ — ¥y|| < do, then there exists a unique
[¢] € T such that B([u]) = ¥, and

Co 1 — Tollon < A([ul, [o])
(4.3) < Goll¥ — ¥ollop
<.

Fix a ¥ which satisfies (4.3) and let u € B; such that 3([u]) = ¥. We
would like to show that [u] can be represented by a complex dilatation
of a quasi-conformal harmonic diffeomorphism. Let us denote by [u] o
[10] 7t the class in T represented by f.|sme © fu,|ome, Where f, and f,,
are the quasi-conformal homeomorphisms defined in §1 corresponding
to p and po respectively. Then, A([u] o [1o]™1,0) = A([u], [mo]) < 6.
Therefore, by (4.3) and the choice of J, there exists a unique ®;, €
BQD(D) such that B(®;) = [u] o [uo]™*. By (4.2) and (4.3) again, we
have

1@1llep < Cr - A([u] © [10] 7, 0)
= C1 - M[ul; [1o])
(4.4) < CoCil|¥ — Wollop
< CoC16p.

Using the definition of B, we can find a unique quasi-conformal har-
monic diffeomorphism h on H? fixing 0, 1, oo, such that its Hopf dif-
ferential is ®;. Let u; be the complex dilatation of h. Then the fact
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that 1< |8h|| (see [32]), and (4.4), we have

llohll

1= am]

_ 1%

itde
(4.5) < ®1llop
< C,Cy6o.

If we choose d even smaller, we have ||uy]lo < 3. Note that the choice
of §, depends only on ¥y, &, Cy, Ci, and 4. Since wy is a quasi-

conformal diffeomorphism, we have

(46) ”,u'howo”oo < €,

for some 1 > € > 0, depending only on the complex dilatation of wg
which in turns depending only on ®, by the result of [32], where ppou,
is the complex dilatation of h o wy. Using again the result of [32],

14 4/144|®
< onpe < V141 lan

2 )

and

1+ 4/1+4(|%ollep
1 < [|ow|* < -

2

Let e(h o wy) be the energy density of the map h o w,. Then, together
with (4.4) and (4.6), there is a constant C; > 0 depending only on @,
Cy, C4, and &g, such that

(47) 02_1 S C(h ] "LU()) S Cz,

provided that ||¥ — Yollgp < .

We claim that there exists a quasi-conformal harmonic diffeomor-
phism with the same boundary data as A o wy. In fact, let g be a
fixed point in target H? and B,(R) be the geodesic ball of radius R
centered at g. Let Qg = (howg)™ (B,(R)). Then {Qy} is a compact
exhaustion of H? with smooth boundary. For each R, by [14], there is
a harmonic map wg on Qg, such that wg = h o wy on dNg. Let dr(z)
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be the hyperbolic distance between wg(z) and howy(z), then using the
computations in [22], (4.6) and (4.7), we have

(1 -l—e)Z)—1 _coshdg — 1

: > — -
(4.8)Adg > —|7(h o wo)|| + 2C; (1 Tz )2 sinhdp

in B,(R) in the sense of distribution, where ||7(h o w)|| is the norm of
the tension field of h o wy. By Lemma 3.2 and (4.4),

(A o wo)|| < Cs|®1llop (1 + | @1llan)* [Pollep
(4.9) < Cyl¥ - Tollgp,
where Cj is an absolute constant and Cjy is a constant depending only

on ®,, Cy, C; and . Hence there exists 0 < §; < dy, depending only
on &g, Cy, Cy, and dy, such that if [|[¥ - Yyllgp < d1, then

(1+¢)?
o)

-1

sup | ( 0 wo)ll < C;* (1 +
b2z

By (4.8), (4.9) and the maximum principle, if we let d, = supq, dr,
we have

coshdy —1 < 1
sinhdy — 2
In particular,

for some absolute constant Cj, for all R. We also have
(4.11) dr < Ce||¥ — ¥ollop,

for some constant Cg depending only on ®,, Cy, C; and &, provided
I — Wollop < 6, where we have used the fact that
t < C(cosht — 1)/sinht for some absolute constant C, for 0 < ¢t < Cs.
Let z € H?, R > 0 large enough so that B, (1) C Qg, for all y € B,(1),

die (Wr(z), wr(y)) < dwe (Wr(2), (h 0 wo)(x))
+dwz ((h o wo)(z), (h © wo)(y))
+die (wr(y), (h o wo)(y))
<205 + Gy,
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where we have used (4.7) and (4.10). Using the energy density estimate
of Cheng [7], there exists a constant C; depending only on ®,, C,, Ci,
and &g, such that

(4.12) e(wg)(z) < C

provided B;(1) C Qg. Arguing as in [22] and [23], after passing to a
subsequence, wp converges uniformly on compact subsets to a proper
harmonic map w of H?. By (4.10), it is easy to see that supe dy(w,ho
wo) < Cs. Hence w is continuous as a map from D to D. Since w|gp =
h o wg|sap which is a homeomorphisms, w is globally one-to-one by the
degree theory of maps and the fact that J(w) > 0 everywhere. By
(4.12), the energy density of w is uniformly bounded. In particular, w
is quasi-conformal by the results in {32], which completes the proof of
the claim. Note that, by (4.11), we have

(4.13) d" = supdye (w, h 0 wo) < Ce||¥ — Yolqp-
=

To conclude the first half of the theorem, let ® be the Hopf differ-
ential of w, then & € BQD(D) as w has uniformly bounded energy
density. Since w and how, have the same boundary data, the complex
dilatation of w is equivalent to that of how,. Moreover, the complex di-
latation of h is in [u] o [1p] ™" and the complex dilatation of wyp is in [uo),
therefore, by the definition of B, we have B(®) = ([u] o [¢0] ™) © [o)
which is [u]. Since B([¢]) = ¥, B0 B(®) = ¥. So ¥ is in the image of
B o B provided ||¥ — ¥y||gp < 4;. This proves that the image of o B
is open.

To prove the second half of the theorem, we observe that, by Theo-
rem 2.5, 3 o B is real analytic. So, in order to prove that 8o B is an
analytic diffeomorphism onto its image, it is sufficient to prove that the
differential D (3 o B) is bijective at every point of BQD(DD) and apply
the inverse function theorem. Let ¥,, @, as before and || ¥ — ¥, < 6y,
where §; is the constant in the above proof. Then by the above, there
exists ® € BQD(D) such that (8o B)(®) = ¥. Let w and h be the
harmonic maps described above in the construction of ®. We would
like to show that there exist constants Cs > 0 and 0 < d, < 4y, such
that if [|¥ — $yllop < d,, then

(4.14) |® — ®ollop < Cs||¥ — Yollop-
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Using the above notations and the upper space model for HZ?, we write
Wy = Up + 0, w = U+ 4v and h o wy = 4 + 0. By comparing the
Euclidean distance and the hyperbolic distance, we see that

|h owy — w| < d* max{v, v}.

where d* = supye die (w,h o wy). By (4.13), if we choose 0 < d§, < §;
small enough, then for |V — Wy||gp < d2, we have d* < % Hence we
have max{%,v} < 2min{?,v}. By (4.13) again, we have

(4.15) |h o wy — w| < Cy||¥ — Uyllgp min{d, v},

provided ||¥ — ¥yl|gp < 82, where Cy is a constant depending only on
By, Co, C) and Jy. We may assume that Cyd; < 1. By Lemma 3.3
and (4.4), there is a constant C;y depending only on ®,, Co, C; and do,
such that

(4.16)

2

y? —\ ¥ _
P (h o 'LU())Z (h o ’U)o) - (’U)o)z (wo)z S Cl()”\II —_ \IIOIIQD
v z ’UO

On the other hand, by Lemma 3.4 and (4.15), we have

2 2

L how), (Fows) - % w), ),

Y (—— Y Yy Yy Y (— Yy _
< g(how)z (5 (how)z—i—)wz) +‘5wz (5 (how)z—’l—)wz)
5011(a+b),

where -a = supg ||[7(h o wo)||, b = Co||¥ — Yyllgp, and Cy; depends
only on the upper bounds of the energy densities of h o wy and w. The
quantity a can be estimated by (4.9), and the energy density of A is
bounded by a constant depending only on Cj, C; and & by (4.4) and
the results in [32]. The energy density of w, is bounded by a constant
depending only on ®; by the result of [32] and the energy density of w
is bounded by C; which is the constant in (4.12). Hence we can find a
constant C, depending only on ®,, Cy, C; and d,, such that

(4.17)

2 2

% (howo), (Fows) — % (w), (@),] < Cuall¥ — Tollo,

z 2
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provided that || — Uy|lop < 8. By (4.16), (4.17) and the definition
of Hopf differential of a harmonic map, we have

|® — ®ollop < CINY — To|lop,

for some constant C independent of ¥, provided ||¥ — Tollgp < d2-
This completes the proof of (4.14). In particular, we have proved that
[ o B maps homeomorphically onto its image which is open, by noting
that 3o B is one-to-one.

Finally, the fact that the differential D(80 B)(®,) is bijective follows
from the following lemma, Lemma 4.2, (4.14), and the fact that o B
is a real analytic homeomorphism from BQD(D) onto its image which
is open in BQD(D*).

Lemma 4.2, Let B, and B, be two Banach spaces with norms
| - |ls and || - l2 respectively. Let U C B; and V C B, be open and
T:U — V be a C! map which is also a homeomorphism from U onto
V. Let x € U. Suppose there are constants r > 0 and C > 0 such that
|z’ — z|ly < r tmplies

(4.18) lz' — |y < CIT(z") — T'(z)|2-
Then DT, is a bijection.
Proof. Since T is differentiable, for any v € 9B, such that ||[v|; =1,

we have
T(z + tv) — T(z) — DT, (tv)|l> = o(|t]),

as t — 0. By (4.18), we conclude that

1l
2C°
for |¢| small enough, which implies, for all v € 9B,,

|1 DT (tv)ll2 >

(419 IDT (W), > P

From this, it is easy to see that DT, is one-to-one (and has bounded
inverse from its image).

To prove that DT, is onto, let y = T(z), and let w € B, with
|lw|lz = 1. Since V is open and T~! exists and continuous, we have, if
|t| is small, then T!(y + tw) is well defined, and if

v(t) =T ' (y + tw) — T~ (y),
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then ||v(¢)|); <, for || small. Since T7(y) = =, by (4.18)

lo@®)ll < Clly + tw — yll
= Clt|.

Therefore, if |¢| is small, then

y+tw =T(z + v(t))
=T(z) + DT (v(t)) + o([t])
=y + DT, (v(t)) +o(|t]),

as |t| = 0, ie.,

(4.20) w = DT, (itt)) + o(1),

as t — 0. Hence, together with (4.19)

3] <ao]or, (242) o (14)

t 12 3} t

2
— 0,

as t; and t, = 0. That is, ”(t—t) is a Cauchy sequence in 98;. Since B, is
complete, there exists v € 98; such that

lim —Q@ =

t—0 ¢
Letting ¢ — 0 in (4.20) and using the fact that DT, is continuous, we
have DT,(v) = w. Since w is arbitrary, we see that DT, is a bijection.
This completes the proof of the lemma.

As an application of the theorem, we give another proof of the Te-
ichmiuller theorem for compact surfaces with genus greater than 1. Let
S be a smooth compact oriented surface without boundary of genus
g > 1. We pick a particular metric ds? of constant curvature —1. Let
G be the fundamental group of (S,ds?) such that H? /G = (S,ds?).
Then the Teichmiiller space of genus g can be identified with 7'(G)
which consists of 4] € T such that there is a representative u in the
class [u] satisfying
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in D for all v € G. Note that the smooth structure of 7, can be
identified with the smooth structure of the image of T'(G) under the
Bers imbedding. Let BQD;(D) be the space of bounded quadratic
differentials ® = ¢d2? such that ¢(z) = ¢(v(2)) (¥(2))* inD for all y €
G. Then, BQD(D) can be identified with the space of holomorphic
quadratic differentials of (S,ds?). By the Riemann-Roch theorem, it
is isomorphic to C*~3. Tt is proved in [31] that B(®) € T(G) if & €
BQ@Dg(D). On the other hand, every [u] € T(G) has a representative
p# and a Riemann surface S’ such that p is the complex dilatation of
the lifting of a quasi-conformal map h : S — §'. Equipping §' with a
conformal metric of constant curvature —1 and using the result of [27],
we can deform & to a quasi-conformal harmonic diffeomorphism. Let
w be the lifting to H> — H? of such a harmonic diffeomorphism and let
@ be the Hopf differential of w, then it is easy to see that B(®) = [u].
Hence B maps BQD;(D) onto T(G). By Theorem 4.1, we have given
another proof of

Theorem 4.3. [Teichmiiller Theorem] Let T, be the Teichmiiller
space of genus g > 1. Then T, is analytically diffeomorphic to RS,
In particular, T, is finite dimensional.

Note that B when restricted to BQD(D) is the inverse of the map
considered by Wolf [34], where he proved that this restriction is a home-
omorphism under the assumption that T is of (69 — 6)-dimensions.
Later, Jost [18] was able to prove this without using the fact that di-
mension of Ty, is finite.

We will give more applications in the next section.

5. Decay of Hopf Differentials and Boundary Regularity

In this section, we will discuss the relationship between the decay
of the Hopf differential at the ideal boundary of the hyperbolic disc
and the boundary regularity of the quasi-conformal harmonic diffeo-
morphism regarded as a map from D onto D. We will also give more
applications to Theorem 4.1. First, let us introduce some subspaces of
BQD(D). For « € (0,2], we denote

BQD*(D) = {@ = §(2)d:* € BQDD) | sup (p(2) ™ I41(2) < o0}

which is a (not closed) subspace of BQD(D), where p(z) = 2

T-[z]Z"
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Note that if ® € BQD*(D), then ||®||(z) — 0 as z — dD. In fact, if
we denote

BQD,(D) = {@ - $()ds* € BQDD)| li [18](2) = 0},

then we have

Proposition 5.1. BQD*(D) = BQD,(D) for all o € (0,2)], where
the closure is taken with respect to the norm in BQD(D).

Proof. It is easy to see that BQDy(D) is closed and contains
BQD*(D) for all o € (0,2]. Let & = ¢dz* € BQDy(D). For all
0 < R < 1, let Pg = ¢rdz?, where ¢r(z) = ¢(Rz). It is obvious
that ®5 € BQD*([D) for any 0 < a < 2. We want to show that
l|®r — ®|lop — 0 as R — 1. Since & € BQDy(D), for any € > 0,
there exists 1 > Ry > 0 such that if |z| > Ry, then p~2(2)|¢(z)| < e
Therefore, if |z| > (14 Ry)/2, and if 1 > R > (2Ry)/(1 + Ry), then
p~2(Rz)|¢(Rz)| < €, which implies that p72(z)|¢(Rz)| < e. It is also
easy to see that ||®g(z) — ®(z)|| — 0 uniformly on |z| < (1 + Ry)/2 as
R — 1. So, if 1 > R > 0 is large enough,

|®r — @||op = SEPP—1|¢(RZ) - ¢(2)]
< sup p7' (Ip(R2)| + [#(2)]) + sup p7'|p(Rz) ~ ¢(2)]

|2{> Ry |z|<Ra

where R; = (2R,)/(1 + Ry). Hence ||®r — ®|lgp — 0 as R — 1. This
completes the proof of the proposition.

We need the following simple lemma.

Lemma 5.2. Let f be a smooth function defined on a bounded
domain Q with smooth boundary. If f satisfies the following decay at

of):
|f]=0(d3), and

Vo f| = O(d; '),

for a € (0,1]. Then f € C*=(Q).

Proof. Choose a finite open covering of 9Q2. Then for each open
neighborhood in the covering, we can straighten the part of 90 which
lies in the neighborhood by a smooth diffeomorphism. So it is sufficient
to show the lemma near a boundary portion of the upper half-plane. Let
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d; be the distance from z to the boundary of 92 and d, , = min(d,, d,).
We may assume that d, , = d,. If |z — y| < d,, we have, for some 8 on
the line segment joining = and y and a constant C > 0,

|F(z) = fW)] = [Vof ()l |z — yl
< Cdy 'tz —y
< Cd; ez —y]
<Clz -y "z -yl
= Clz —y|*.
If |z —y| > dg, thend, < d, + |z —y| < 2|z —y|. Hence

|f(z) = F)l < [F ()] + | (W)
<C(d2+ds)
< 2042
<202%z —y|®

Therefore, we have f € C®*(Q}). This completes the proof of the
lemma.

As before, for any ® € BQD(D), we denote by to(®) the solution of
(1.1). Then we have the following

Lemma 5.3. Suppose that ® = ¢dz? € BQD*([D). Then p =
p2pe~?™(®) satisfies

|lul(2z) = O(dy),
[Voul(2) = O(d;'+),

[Viul(z) = O(d;***).

Proof. Let w = w(®). From Lemma 2.1, we know that |w(; ,p < oo.
In particular, using the fact that p(z) ~ d;', we have

lw| = O(1),
(5.1) [Vow| = O(p),

V2w| = O(p?).
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Similarly, by the gradient estimates for harmonic functions and the fact
that ¢ is holomorphic, we have

supp p~°+*|¢'| < oo,

9.2
( ) supp, p——4+a|¢//| < 00,

where ¢/ = ¢, and ¢" = ¢,,. By (5.1) and the assumption on ¢, we
have |u| = O(p™®). Direct computations show that

He = — (sz +Ep) 3
pzr = —p 2wz + 2p) + p e,

1
Low = b (532,02 + 4zpw, + 4w? — 2wzz> ,

pez = —p [(2wz + 2p) 2w, + Zp) + p + |2°0* + 2w,z
+p 2 g e (2w, + Zp)
and

pzz = —p (4wl + 22pwz2*p* —2wsz ) + p T e (2ws + 2p)
+p gl

Therefore, by (5.1), (5.2), the fact that |u|(z) = O(d?), and that p(z) ~
d; !, we have the desired results.

Using Lemma 5.2, we conclude the following

Lemma 5.4. Let u = p~2¢e~ 2" where ® = ¢dz> € BQD*(D)
with o € (0,2]. Then the function

- _Jpu,zeD
" ]10,z¢D

is in C%*(C) if @ € (0,1] and is in C*?(C) ifa=1+ B € (1,2].

Proof. This is a direct consequence of Lemmas 5.3 and 5.2 and the
observation that for a = 1 + 8 € (1, 2], i € C*(D) which is also a easy
consequence of LLemma, 5.3.

Now we can prove the following boundary regularity of quasi-confor-
mal harmonic diffeomorphisms.

Theorem 5.5. Let u: 2 — P be a quasi-conformal harmonic dif-
feomorphism fizing 1, i, —1 in the Poincaré disc model for . Suppose
that the Hopf differential ® of u is in BQD*(D) for some a € (0,2],
then

1. welC»D) if e (0,1),
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2. ueCY»D) forally<lifa=1,
8. ueC*D)ifa=1+pB¢€(1,2), and
4. ueC*D) forally <1 ifa=2.
Moreover, u has non-vanishing energy density when restricted on JD.

Proof. Let u = p~2¢e2"®) where ¢ is the coefficient of ®. Then by
Lemma 5.4, the function /i (defined as in the Lemma 5.4.) is in C%=(C)
if o € (0,1) and is in C*P(C) if @« = 1 + B € (1,2]. Then regularity
theory of quasi-conformal maps, see [20], [19], and [28], implies that the
quasi-conformal homeomorphism f,, constructed as in §1, from C onto
itself is in C**(C) if @ € (0,1] and is in C**(C) if a = 1 + B € (1,2].
Moreover, J(f,) > 0 for all z € C, where J(f,) is the Jacobian of f,,.
In particular, f,(dD) is a Jordan curve of class C*“ if a € (0,1] and
of class C?P if a =1+ B € (1,2]. Let R: f,(D) — D be the Riemann
map normalized so that R o f, fixes 1, 7, and —1. Then u and Ro f,
are equal, since they have the same complex dilatation p and fixing 1,
i, and —1. The Kellogg-Warschawski theorem (Theorem 3.6 in [24])
implies that R~ is

1. in C*(D) if a € (0,1),

2. inCY([D)forally<lifa=1

3. inC*D)ifa=1+p8¢€(1,2), and
4. in C*"(D) for all v < lifa=2.

Moreover, R* extends to D with non-vanishing derivative up to 9D.
Therefore, we conclude that R, by expressing the derivatives of R in
terms of derivatives of R}, and hence u is

1. in CY*(D) if a € (0,1),

2. mCYD)foraly<lifa=1

3. inC*D)ifa=1+p8¢€(1,2), and

4. inC*'D) forally <1lifa=2;
and has non-vanishing energy density up to dD. This completes the
proof of the theorem.

Examining the proof of the above theorem, one expects that the
Schwarzian derivative of g = f, |~ will have the “same” decay as ®. In
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order to state it clearly, we denote

BQD*(D*) = {¥ = 4(2)d2* € BQD([D")|
limsup,,_,; (o (2)) >+ 9}(2) < oo},

where p3. = 4/(|z|* — 1)? is the density of the Poincaré metric on D*.
Then we have the following

Theorem 5.6. Let 8o B be the map in Theorem 4.1. Then the
image of BQD*(D) under B0 B is in BQD*(D*) if e € (0,1) U(1,2),
is in BQD"(D*) for all v < 1 if a = 1, and is in BQD"(D*) for all
< 2ifa=2.

Proof. Let ® = ¢dz?> € BQD*(D) and p = p~2¢e~2™(®). As in the
proof of the Theorem 5.5, we have f, is in C**(C) if @ € (0,1] and
is in C*#(C) if « = 1+ B € (1,2]. Therefore, the univalent function
9= ful> is _

1. in C*(D)if @ € (0,1),

2. inCYD)forally<lifa=1

3. inC*D)ifa=1+p¢€(1,2), and

4. in C?*'(D) forally<1ifa=2.
Moreover, g' # 0 up to boundary. Using the Cauchy integral formula,
we conclude, for a € (0, 1), that ¢" = O(d;1*%) and ¢ = O(d;***) as

|z| — 1. So the Schwarzian derivative S; = -9% -3 (""g'—,l)2 = O(d;?**)
since g’ continuous and ¢’ # 0 up to boundary. The other cases are
similar. This completes the proof of the theorem.

We have seen that the decay of the Hopf differential implies the
boundary regularity of the quasi-conformal harmonic diffeomorphism.
Conversely, if we have boundary regularity of harmonic map, we also
have decay of its Hopf differential. Let u = f + ig be a quasi-conformal
diffeomorphism from H? onto H?. Let & = ¢dz? be the Hopf differential
of u.

Lemma 5.7. Suppose that u is C? up to the boundary and that the
boundary data has non-vanishing energy density. If we use the upper
half space model for H? then Vou; =0 at y = 0.

Proof. Let w = w(z) with z = z + iy. Then we have

(53) gAOf - 2<V0f’ vOQ) = 07
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and

909 + (Vo f, Vof) — (Vog, Vog) = 0.
By the result in [22], we have
(5'4) fz = Gy, and fy = =9z,

at y = 0. Differentiate (5.3) with respect to y,

(5.5) 9,809 + 9Afy — 2(foy9s + foGay + fuu9y + fy94y) = 0.

Let p be a point in the boundary. Then by [22], there is a constant
C; > 0, such that in a neighborhood of p,

(5.6) Crly<g<Cuy

Since f, € C' up to the boundary, by Lemma 1.2 in [22], there is a
sequence g; = (x;,y;) — p such that

(5.7) lim 3. A0 fy (g:) = 0.

Evaluating (5.5) at g; and letting ¢ — oo, then by using (5.4), (5.6),
(5.7), the fact that g = 0 at y = 0, and the fact that f is C? up to the
boundary, we have

9y(P)Dof(p) = 0.

By (5.4) and the assumption that f, # 0 at y = 0, we have

(5.8) Dof =0,
at y = 0. Using similar argument, one can also show that
Agg =0,

at y = 0. Now 2u; = (f; — gy) +i(fy + 92)-

2u2z = (fzz - gyz) + 'I'(fyz +gzz)
=0
at y = 0, where we have used the fact that w is C? up to the boundary

and (5.4). Also, by (5.4), (5.7), (5.8), and the fact that w is C* up to
the boundary,

2uzy = (f:z:y - gyy) + 7'(fyy + gzy)
=0
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at y = 0. Hence Vou; = 0 at y = 0. This completes the proof of the

lemma.

Theorem 5.8. Let u be a quasi-conformal harmonic diffeomorphism
on H2 such that the boundary map is C' with non-vanishing energy
density. Let ® = ¢dz? be the Hopf differential of u. If we use the
Poincaré disc model for 1, i.e., H? = (D, ds2) where ds? = p?|dz|* is
the Poincaré metric on D, then ® € BQDy(D). Moreover,

(i) if u is CY® up to the boundary for some 0 < a < 1, then
supp p~2%|¢| < o0, ie., ® € BQDY(D);

(i) if u is C** up to the boundary for some 0 < a < 1, then
supp p~%|¢| < o0, ie., ® € BRQD'™(D). In particular, if u
is C% up to the boundary, then ¢ is bounded.

Proof. TUsing the upper half space model as in Lemma 5.7, then
¢ = z};wzu?z. By (5.6) and the fact that u is at least C* up to the
boundary, we have

(5.9) || = O (

near y = 0. If u is C* up to the boundary, then u; = 0 at y = 0 by [22],
and near a point (z,0) at y = 0, C~! < y/g < C for some positive
constant C. These imply that ® € BQD,(D). If u is C** up to the
boundary, then |u;| = O (y*) near y = 0. Hence, by using (5.9), (i) is
true. If u € C** up to the boundary, then we also have Vow = 0 at
y = 0 by Lemma 5.7. Hence, using (5.9) again, it is easy to see that
(ii) is also true.

Remark 5.1. It is easy to see that the results in Theorem 5.8 is
purely local.

Using the Theorem 5.5, 5.8 and the results in §4, we can say a little
more on the image of the map B defined in §1. By Theorem 4.1, we
know that if [u] is in the image of B, then there is a § > 0 such that the
ball in the universal Teichmiiller space of radius é with center [4] is also
in the image. Here the radius § may depend on [g]. On the other hand,
it was proved in [21, 22, 23], if the normalized quasi-symmetric function
on dD corresponding to [u] is C* with non-vanishing energy density,
then [u] is in the image. Now, let N be the subset of the universal
Teichmiiller space T consisting of those [u] such that the corresponding
normalized quasi-symmetric function on dD is C! with non-vanishing
energy density. By Theorem 5.8, if [u] € N, then & € BQD,(D),

Wz
T2
)
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where B(®) = [p]. Therefore, if [v] is also in the image of B, then by
Lemma 3.2 and the proof of Theorem 4.1, we see that [v] o [u] is also
in the image. Hence, using Theorem 2.6, we have

Proposition 5.9. There is a constant 6, > 0 such that if [p] € N,
then [v] lies in the image of B for all [v] such that A([V], [u]) < o, where
X is the Teichmiiller metric. In particular, N is also in the image of
B.

We should emphasis that in this case, the number ¢, does not depend
on [u] as long as [z] € N. By the proposition, B would be onto if N were
dense in 7. Unfortunately, this is not the case. In fact, let N®, o €
[0, 2], be the subset of the universal Teichmiiller space corresponding to
the set of quasi-symmetric functions on 0D with non-vanishing energy
density which is C*, if o € [0,1] and is C?#, if a = 1+ 8 € (1,2].
Note that N° = N. Then, we have the following corollary of Theorem
5.5 and Theorem 5.8.

Corollary 5.10. We have the following subset relations in T .

B(BQD,(D)) = N,
B(BQD*(D)) = N* fora € (0,1) U(1,2)

In particular N is not dense in the image of B, hence, not dense in the
universal Teichmaller space.

Proof. The subset relations in T follow from the fact that BQ D, (D)
is closed, Theorem 5.5, Theorem 5.8, and the results in [22, 23]. To
prove that N is not dense in 7', we observe that there is a ® € BQD(D)
such that there is a sequence of point z; = 0D and a positive number
€ > 0 such that

(5.10) [1[l(2:) > e.

For example, one can choose ® # 0 which comes from a holomorphic
quadratic differential on a compact Riemann surface of genus g > 2.
Therefore, BQD,(D) is not dense in BQD(D). Since B maps BQD(D)
homeomorphically onto its image, the rest of the corollary follows.

Remark 5.2. Using the proof of Theorem 4.1 and Remark 5.1,
it might be possible to construct harmonic maps (in two or higher
dimensions) with more general boundary data than those considered
in [21, 22, 23, 33].
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